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Tamiguenessfacts in 93 :

# The unknot U=S bounds a unique disk in S" up
to isotopy .

Defr :

A submanifold LIS" is sit if I an embedded (n-1)-sphere
n-1

2 =SYL such that both components of S4)2 intersect L .

In this case I is called a sitting sure for L .
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Ea2 : If = K , LK2 is a split z-component link in SY then any splitting
sphere for L is unique up to isotopy .



Roof : Inner-most disk argument .

n = 3 Schoenflies =

any smoothly embedded S"<S" bounds a 3-ball .
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Proof : Inner-most disk argument .
-
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Roof : Inner-most disk argument .

n = 3 Schoenflies =

any smoothly embedded S"<S" bounds a 3-ball .

In ambient dimension
n, 4 this argument fails .- -

SEl E
,

~For E , Ze splitting spheres in SY
F

E. z

=

genus g surface !X
=> can't use Schoenflies



In fact :

Inm : (Budney-Gabai 19) I infinitely many 3-balls in S4 with common

boundary t are distinct up to smooth isotopy rel2 .tha

=> Thin king of S"= 2 B5
,
the BG 3-balls become isotopic when

pushed into B5
. In fact :

#m
: <Hartman 22) Any two 3-balls become isotopic rel 2 when pushed into B8

I
Proof generalizes to n-balls in St for <, 3

.

aution: What about higher genus surfaces in S" ?

Do they bound unique handlebodies up ⑰
to isotopy rel boundary ?

#wer :
No !!! Different compressing curves - Nonisotopic rel2 .



Defr : A sace link is a closed oriented surface d smoothly embedded in SY
.

L is tted if it bounds an embedded handlebody.

Equivalently ,
if I can be isotoped to lie in the equatorial 53<S4. )

Ug:
=

genus g unknot

#m : <H
.-Kim-Miller'21) There exist handlebodies H , and He in S" with boundary
-

2H 1
= 2 Hz =

g (forg>,2) that

X =St S Ug 1
. are compressing curve equivalent , and

B H
,W H2

2 . are not isotopic rel1 , even when pushed into B .

: (H .
-Kim-Miller

is
ith man then s siR

3 litting spheres
2

,
and Ez for L which are not isotopic (smoothly

or topologically) ·



unand doubly slice knots

Thm : (Kervaire) Every smooth genus O surface

knot K=S"= 2Bs bounds a smooth

3 =ball B in BS

B BS!
-

53

Eei 3k

n-twist ./s
-S

spun knot Wi BS

Def" : (Doubly-slice) A genus
O surface K knot is doubly-slice if

I an unknotted 3-sphere PES = S such that

k =Pest

Inm : (Stolzfus , Ruberman) The S-twist spun trefoil Kg is not doubly slice .



Eact: (Saton) Ky can be converted to an unknotted torus by surgering or

a single tube .
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Eact: (Saton) Ky can be converted to an unknotted torus by surgering or

a single tube .

2-handle
-

surgeryGain an
.

I the disk)
kompress along

+ Hirose's Theorem



Eact: (Saton) Ky can be converted to an unknotted torus by surgering or

a single tube .
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Eact: (Saton) Ky can be converted to an unknotted torus by surgering or

a single tube .
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ks not doubly-slice => P is knotted .
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Eact: (Saton) Ky can be converted to an unknotted torus by surgering or

a single tube .
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Eact: (Saton) Ky can be converted to an unknotted torus by surgering or

a single tube .

Qu
.

O 800
* index 2 index 3

-index 2 index I

Morse function 7

&ering critical points : We can slide index 2 critical point down passed
the index 1 critical point .



Eact: (Saton) Ky can be converted to an unknotted torus by surgering or
a single tube .

Qu
.

O CanvaO Quanxs
-index 2

Morse function 7

&dering critical points :

:

000 O
mo
aee88880

Yindex 2 index 2 index 3



⑳888 80I-e
Hi

S4 H2

H
, and He are both handlebodies

,
both boundary parallel

Si . e . H , and He can be isotoped into SY
,
but not disjointly) ·

e -

Hi

But U2 also bounds standard/handlebodies # ,
and Fe in S4 :



!HiBush part Yes s"



OtHi

BS on opposite sides of SY



oHi H2

Push # , and Fle into 3 Ettes:BS on opposite sides of SY

-,
not isotopic

qu
Since P = H

,UH2 is htted , either HiFF , or Hafiz -

-



3bles and split links

B(x)Bing &E
-

=Knots ins' : *

!II~double
7

M E
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For Knots in S" :

e
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separating WxB3 = 5 x ·

Tangle replacement
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3bles and split links

B(x)Bing &E
-

=Knots ins' : *
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For Knots in S" :

e
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Lemma : If Un =S" is unknotted , then B(Un) is a smooth unlink

for any choice of W .

Lama : If P is a non-trivial 3-knot , then B(P) is not split -

5 ogy
: Take Bing double of the knotted 3-sphere P from before :

00888880



80
↑ knotted S in So
-

with matted central cross-section U2 in S4 :
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⑯
Both halves of BCP) are boundary parallel (not simultaneously though) .

Pushing each half into S" separately ,
we obtain 4-balls B

,
and Be

which split their respective halves
.
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⑯-0are El-

Both halves of BCP) are boundary parallel (not simultaneously though) .

Pushing each half into S" separately ,
we obtain 4-balls B

,
and Be

which split their respective halves
.

Set 2
,
= 2B

,
and

z

= 2B2 ·

Both 2
,
and &
:
are splitting spheres for the central cross-section .

2
,
and E, can't be isotopic ,

otherwise B , UBe could be used

to build a splitting sphere for BCP) , which is not split--



Thank you !


