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Motivating question
when

are two Seifert surfaces

isotopic in YD

observation

once we push
interior

Seifert F into BY
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decamp of
comp BY

crit pts in hle



not isotopic in 53

I

but are isotopic
rel 2 if we push
their interiors into
B 218 53

This example
is compressible

is there a more

interesting example



EELE

Answer yes
But these

are still iso rel 2
when their interiors are

pushed into B

Exampleated 1970



Than Livingston 1982

Every
connected

genus of

Seifert surface for h comp

unlink are iso rel

2 in B

Surely not the

case for every

boundary

In literature

Hayden Kim M Park Sundberg
checked many different sources

constructing Seifert surfaces

Most obviously isotopic in B
see section 2



But in general genus g
Seifert surfaces for K
need not be isotopic
in B n F

Hayden Kim M Park Sundberg 222

ni.MS MFY G

not iso in 5
And now even mere examples in

Akc Feller A B Miller Wieser



still open can a loot

band infinitely many
distinct

genus g Seifert
surfaces

up
to isotopy in B

we construct links
with as family

distinct
surfaces

connected Seifert

3 comp
unlink

bounds co family
of distinct Du A



Given a bot K can we

count min genus Seifert
surfaces

up to isotopy in B

Queffan
many min genus

Seifert surfaces does a
hyperbolic but K band
in B
Can be more than I

but of course is a

In general
how many

Seifert surfaces in B



Tha Kim M Yoo

Any two genus g
Seifert surfaces for
a non split alternating
link L are isotopic
in B



Rak
Every Seifert

surface for non split

alternating link L is connected

Liskarish Prop 4.8

Adams kindred 213 Car 5 2

so no distinction between
genus

Euler characteristic



Open questionmm

Given a bat K and
two Seifert surfaces
S1 S2 for K is

s v5 c siithketted
unknotted
means

Tk 53
bands
a genus gsolid

51 Than Conway Paull
2020

Yes topologically

Tquefmainthm
Answer to A is yes

for

alternating kots



Car Answer to x

is Yes for K

alternating

Say min genus
surface

is S

S.ES ntoriS2 SHmteri

5

505 man tri
in thatEnyan 281m

solid of
genus 2g



Bigger question

Given on
oriented

surface in 54

that is top
intrathed

is it also

smoothly
unknotted

x is a special
case



Strategy of main them

Understand space of all
Seifert surfaces up

to genus g
for L

Prove theorem inductively



Def Kakimizu 1992

The Kakimizu complex
ISCL for a non split

link L is a simplicial

complex
with

isopy rel
2 classes

O cells incompressible
Seifert surfaces fl

n cells bonded by Hells
when rep by
disjoint interiorSeif surfaces

contains subcomplex MS L

Fingerus



Kakimizer showed in

original paper
that

MS LL and ISLL

are connected

Def KMY
ISR L subcomplex

includes vertices rep

by Ʃ

E 2k

Than KMY but following Kakimizu

ISKLL is

connected for enyk



Pf
Kakimizu shared infinite cyclic

care 51L

disi.se 5
If

in ISCL

minimums

of E s

a E

5.1

intersects 1

lifts of S2



d S 52 0

E intersects are

E so

si.seiso

fmrel7dlsi

5 1

Eg intersect two

E

51,52 disjointRFI Ed
interior



Key Lemma
mmmm
Let S S2 be incompressible

Kakimizu Seifert surfaces for L with

dCS S2 n 0 Then there

exists another incompressible
Seifert surface Ʃ for L
s t É n52 4 d S 523 1

and d E S n

Moreau X E min X S1,715,3

connected
g
E maxeglsi.gs



Schematic

E XCEv X SPACS
Eff noo

Aces
min XCS XCSB

Kakimizu obtains

the surface in the

1 3
infinite cyclic over

of

link complement by
cuttingpasting

lifts of 51,52
then projecting

down The cut paste
has two

components just take care
to

choose the one with less

negative Euler
characteristic



Consequence
There exist in compressible

Seifert surfaces Ʃ En

s t S E S2 En

Ein E F i

and E 2min XCS XsB



Another key lemma about
Seifert surfaces for alternating links

Than Kindred 2018

Tube crossing lemma

If L non split alt link

F closed surface

centering L essential

then for any
reduced

alternating diagram
of L

there is some crossing c

so above c F looks like
upcoming



Convention

Given a surface F

containing a link L we

say I essential with
respect to L if each

component of FILL
is essential in 53hL

F
Elgin's
through this
tube

c



Summary so far

Kakimizu complex ISCL
vertices incompressible

Seifert surfaces

filtration I SyCC
vertices incompressible

Seifert surfaces

2k

connected

Tube crossing lemma



Lemma
mn

Let Ei Er be genus g

Seifert surfaces for nonsplit

alternating L Let S 52

be incompressible Seifert

surfaces obtained by compressing
E Er Then if

d Si 52 1 then

Ei Er iso in B
nd 2

I



Case 1 S S isotopic

ie d 51,52 0

Then each of Ei Ez
obtained by attaching
tubes to 5.1 52
in B S teri S2 teri

Case 2 d S 52 1

Induct again
on

Ei base is 1

decreasing
E 1 then

Ei D bonded by inkot

true



after attaching tides iso rel

golds save
in B afterto make

mesoidsare isos
s eld si s

EIFED
tube I
crossing I

diagram L
C

2reduced
alternating

alternating nonsplit
So Ei Er are

iso rel 2 in B



genus g
PENEE

E E

Lampress
compress

compress

S F Fit Frs
Isu L

Ei Er iso rel 2
in B




