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History:Complex Geography Plane

Let Xbe a complex simply connectedclosed 4-manifold.

24=30 +2x

9 -

· X

· X#P2

- ↑

xn=4(0 +x)

⑭tion:For which values (a,b)=1" does thereexist
a simply connected, complex surface X
with Xu(x)=a and ci(x=b

If X is complex, so is X#EP" (ApofX)
and<i(X+pr =ci(x) -1, xn(x) =xn(X#P)

X is called minimal if X*X#EP for some oxX.
-

Question:For which values (a,b)=1" does thereexist
minimal

a simply connected,complex surface X
with Xu(x)=a and ci(x=b



tham:If Xis a minimalsimply connected
complex surface then

c?(x) =0 and Xn(xK0
OR

CX) > 0 and 2xn(x) - b =c?(x) =9xn(x)

C =9n "BMY
line"

-
=2xad "Noetherline"

Xn

Fact MostLattice points populatedby
-

i

Cholomaphic) Lefschatz fibrations



*Geography Plane

C =9n "BMY
line"

-
=2xad "Noetherline"

Xn

All simply connectedcomplex surfaces are

symplectic. So all lattice pants filled in by
minimal complex surfaces are filled in
minimal symplectic simply connected 4-manifolds,

ever, the Norther inequality does nothold

(Eintushal-Stern, Goupf, Park, Stipsicz)

these results do not use Lefschetz

fibrations (in general)



therem1 (Baykur-Rockmaz-S.)
For each point(a,b)eo below the Noether line,

Iaminimal simply connected symplectic
genus g

=a-1 Lefschetz fibration with

X
=

a and ci =b.

Comtion:Startwithgenus gal Lefschatzfibrations
withrednodes,
perform besums, and
perform rmblawdonsS

S



zfibrations
X =compact, oriented, connected, smooth, closed

Abezfibration on X is a

subjective map fix+ 5" witha finite
collection of critical pants B =5p,--Pn) such that:
· fix is a locally trivial surface bundle.

If Zis a regular value, f(z)
=Eg is a genes a surface

· Xi, Iorientation - preserving complex charts about
pi and gif(pi) on which f(z,zz)=Zizz
f
-

(0) = surface intersecting itself transversely
If a regular fiber has genus g, then(X,f)
is called a genethetzfibration.

④ =y
-

-act:We can pertub LF to
ensure singular fiberI 1.There contains exactly

-

one singularpoint
④ L

·

qi Gmpf:Lefschutzfibrations
admitsymplectic structures. with symplectic fibers.



-donyFactorization

We can describe a lefschetz fibration (X,f)
combinatorially using monodromy. *
Let c bea circle in 5 st. (rf(B =0 ↓ ↓
then fly is a surface bundle overs': ⑳

f(x) =[x)
(x,0) =(y(x),1)

where 4: Ith is differ called ......monodromy. (4 = Mod(2))-

· If C bas disk ul Drf(B) =0, thenfild)=Exs'
Imonodromy is 1.

· If C bas disk D wI Drf(B)=Tp3, then
fic) has moreoromy given by a positive
Dehn twistaboutthevanishing cycle-associated to P
⑲

· If C bas desk ulDrf(B) =f(B)
then fild) has morodromy thatis a

productof monodramies about each crit.pt. ⑳
=>product of Dehn twistsabout

vanishing cycles tatm--tum
S

But, I also be Ds.t.nf(B) =y =tr--t=(Mod()



Fact:
· Any Lefschetzfibration can be described

by a factorization of the identityin Mod(Eg)
by Dehn twists.

· Conversely, any factorization of theidentity
in Mod(Eg) intoDehn twists describes

a lefschetz fibration.

Ex:Aelliptic Involution

...
m

=(t tagn---t=1

Hyperelliptic Involution

Totalspace of the associatedlefschetzfibration
is (p(4g+5)e2



Canof Closed 4-manifolds (w)(Fs)

HerSum
Let (X,fi), (Xzfe) be genus & lefschetz fibrations

withmonodromes me,and Mr

the feesum X*X2 is thegenus g -

Lefschetz fibration withmonodromy pipel

2.Blowdown (Fintushel - Stern, Park)

Fact:the lens space ((pipg-1), p3930, (p,q)=
-

bounds the 4-manifolds !

I

·Capon where areatant
↑
Plumbing of DIbundles overs?
thickened I-Spheres we self int-a,-a.---an

intersectingaccording toedges.
· Brig =a rational homology 4-ball

i.e. Ax(Bpgik) =H(B";a)



Ex:ap=2,q =1 =a =4

( =B4 =8

b) p =585,q =291914

Cpq =o--...t
- 15

Suppose (pg is embedded in a closed 4-manifold X.

thenXp,z= (X-(p,2) UBpg (doesn'tdepend on gluing)
is obtained bymyblowing down (pig
Note:xn(Xag) =xn(X)

(Xpz) =ci(x) +n

Symington:If X is symplectic and pig is symplectically--

embedded, then Xp,z is symplectic,



therem1 (Baykur-Rockmaz-S.)
For each point(a,b)eo below the Noether line,

Iaminimal simply connected symplectic
genus g

=a-1 Lefschetz fibration with

X
=

a and ci =b.

proof:
-

Lera:We can factorthe -"..-=hyperelliptic involution I I
in two ways: C
M,

=A.E.E* =1 it
Me =t. E.B =1

Let (Xyif) be theLF rol monodromy
MiMz=AtEEEB =A (taitastatalsB

then Xg is
a symplectic (Gompf)
· simply connected (SVR)

· minimal (Usher)

And by contains 2g+2 disjoint - 4-spheres



Let Xbethe resultof rationally blowinggir

down of the -4-spheres.

them:-Xgir admitsLF (via monodromy substitutions)

· Xgir is simply connected

· Xgir minimal (Dorfmeister)
· Xn(Xgir) =g+),ci(Xgit) =w(0(r =2g+2)

=2xn

-⑳ X4,8
&

*

&

-

⑨ =2xbI - Norther

-

· X413

· X4,1

-

II

was filled up place below Norther

w) LES. ⑰



herem2 (Baykur-Rockmaz-S.)
Ia minimal symplectic exotic CP#5TP2
obtained by rationally blowing down a
blowupof a genus 3 Lefschatz fibration

therem2
Si

Lena:In Mod(s),

tats=/t"tatstata). (Antstatalp, it
this gives rise toa LF withsingular fibers
and sections:

-2 - 4.⑳



Schematically:

N 472

↓ blow ups
+blawda

-a6
so

-2 W..Hansen
= .......t C4P#32p
e

15
5

Rationally blowing down yields an exotic CP5p2


